Quantum circuit is generalized to include non-unitary gates which are operated by quantum measurement. A 1-qubit non-unitary gate, together with the controlled-NOT gate and the 1-qubit unitary gate, is shown to constitute a universal set of gates for the non-unitary quantum circuit that reduces the number of the overhead of qubits required to ensure fault tolerance. A reversing measurement scheme is proposed to improve the successful probability of the non-unitary gate operation. A quantum NAND gate is analyzed as an illustrative example.
Introduction. -Quantum computation [1] is usually described by unitary operations because time evolution of a closed system is described by unitary transformations. However, real systems interact with the environment which entails decoherence and errors in quantum computation. To cope with the problem of decoherence, quantum error-correcting schemes have been proposed which requires redundant qubits to ensure fault tolerance [2, 3, 4, 5] . Unfortunately, this overhead is too demanding since in the foreseeable future the number of available qubits will be severely restricted. To circumvent this problem, a probabilistic quantum error-correcting scheme without redundancy has recently been proposed [6] using a reversing measurement scheme [7] . This scheme involves quantum measurement and is therefore described by non-unitary operations.
In this Letter, we explore the possibility of a more general quantum information processing based on non-unitary operations, that is, non-unitary quantum circuits which consist not only of unitary gates but also of nonunitary gates implemented by quantum measurements. In a sense, our nonunitary quantum circuit is a generalization of conventional unitary quantum circuit because the latter also invokes quantum measurement at the end of computation; in contrast, in our scheme measurements are exploited in the course of computation as well. Then, a natural question arises as to whether the universal non-unitary gates exist, for it is well-known that a set of unitary gates is universal for the unitary quantum circuit [8, 9, 10] . We will show that a set of non-unitary gates constitutes the universal gates for the non-unitary quantum circuit. As a consequence of invoking quantum measurement, the non-unitary gate operation is necessarily probabilistic. However, we can be sure whether or not the gate operation is successful. We discuss a scheme to improve its successful probability to the maximum allowable value by using the reversing measurement scheme.
Projective measurements are routinely used to prepare initial states, simulate unitary gates, and read out final results in the usual quantum computer. Raussendorf and Briegel [11] have recently proposed a model of a quantum computer consisting entirely of projective measurements to operate unitary transformations on the qubit. In contrast, we utilize a general framework of quantum measurement to implement non-unitary gates.
Non-unitary gates. -We first define the non-unitary gate as a generalization of the unitary gate. The unitary gate is described as |ψ → U|ψ , where U is a unitary operator satisfying U † U = UU † = I with I being the identity operator. In the computational basis for n qubits, the unitary operator U is represented by a complex-valued 2 n × 2 n matrix that satisfies the unitary condition [1] . We define the non-unitary gate as
where N is a non-unitary operator to be specified later. In the computational basis for n qubits, N is represented by a complex-valued 2 n × 2 n matrix without being subject to the unitary condition. Since the normalization of N does not affect the state after the gate operation, we normalize N so that the maximum eigenvalue of N † N is 1,
To implement this non-unitary gate, we utilize a general framework of quantum measurement in which a general measurement is described by a set of measurement operators {M m } [12] . If the system is initially in a state |ψ , the probability for outcome m is given by p(m) = ψ|M †
After the successful measurement, the state of the system becomes M 0 |ψ / ψ|M † 0 M 0 |ψ = N|ψ / ψ|N † N|ψ except for an overall phase factor. Comparing this with the definition (1), we can see that this procedure implements the non-unitary gate N with the successful probability p(|ψ ; c). Note that we can be sure whether or not the gate operation is successful by checking the measurement outcome. From Eq. (2), the maximum successful probability is given by p max (c) = max |ψ p(|ψ ; c) = |c| 2 . Although c does not affect the postmeasurement state, it does affect the successful probability. The maximal successful probability is attained using a non-unitary gate implemented by the measurement with |c| = 1. When this optimal measurement is not available, we can still improve the successful probability arbitrarily close to the maximum allowable value by applying the reversing measurement scheme to a non-optimal measurement |c| < 1, as will be shown later.
There is a problem in the non-unitary gate, however. If det N = 0, then there exists a state |ψ W such that N|ψ W = 0. For this state |ψ W , the measurement never succeeds since p(|ψ W ; c) = 0. We can circumvent this problem by requiring that N be reversible (i.e., det N = 0), or by restricting the input state to exclude the wrong state. We shall demonstrate this below. Universal non-unitary gates. -We here prove that an arbitrary nonunitary gate N for n qubits can be constructed from controlled-NOT (CNOT) gates, 1-qubit unitary gates, and 1-qubit non-unitary gates that have the form of
where 0 ≤ a < 1. In order to prove this, we make the singular value decomposition of N, that is N = UDV where U and V are unitary matrices, and D is a diagonal matrix whose diagonal components {d i } satisfy 0 ≤ d i ≤ 1. The unitary matrices U and V can be further decomposed into CNOT gates and 1-qubit unitary gates due to the universality theorem for the unitary quantum circuit [10] . We thus concentrate on the diagonal matrix
Using NOT gates, this matrix can be factorized into the matrices that have the form of diag(1, 1, · · · , d i ). These are the controlled-N 1 (d i ) gates with n − 1 control qubits, which can be implemented by Toffoli gates and a controlled-N 1 (d i ) gate with a single control qubit, as in unitary gates [10] .
Using the work qubit which is prepared in state |0 , the controlled-N 1 (d i ) gate (with a single control qubit) is expressed in terms of two Toffoli gates and one N 1 (d i ) gate, as illustrated in Fig. 1 Figure 2 : Circuit for the controlled-N 1 (a) gate without the work qubit if a = 0. Ω = N 1 ( √ a).
In this case, ignoring the factor √ d i decreases the successful probability by a factor of d i , but it does not affect the postmeasurement state. In this way, the non-unitary gate N can be expressed by CNOT gates, 1-qubit unitary gates, and N 1 (a) gates.
However, we cannot find a discrete set of gates to approximate the nonunitary gate to arbitrary accuracy. This is in contrast with the unitary case [8] where a rotation through an irrational multiple of 2π can approximate all the rotations to arbitrary accuracy by iteration since the angle is periodic. In the non-unitary case, however, a fixed N 1 (α) gate can only generate N 1 (α m ) gates by iteration. Optimization by reversing measurement. -In order to implement the non-unitary gate N, we must prepare the measurement {M 0 , M 1 } defined in Eq. (4). The successful probability of this measurement depends on the factor c. The optimal case is |c| = 1. When this optimal measurement is not available, the successful probability of the gate is reduced. However, we can improve the successful probability arbitrarily close to the maximum allowable value by applying a reversing measurement scheme [7] to a non-optimal measurement with |c| < 1. More specifically, if the measurement {M 0 , M 1 } has failed, we perform another measurement { M 0 , M 1 } that satisfies
where q is a constant. Note that M 0 is proportional to M
−1 1
and exists when |c| < 1. Therefore, if this measurement is successful, the postmeasurement state becomes the original one |ψ and we can then try the measurement {M 0 , M 1 } again to increase the successful probability of the non-unitary gate. Of course, the reversing measurement { M 0 , M 1 } fails with a nonzero probability. The joint probability for M 1 followed by M 0 becomes |q| 2 , independent of the state |ψ . Note that |q| cannot be set to 1 since the maximum eigenvalue of M † 0 M 0 is |q| 2 /(1 − |c| 2 ). In order for M 0 to be a measurement operator, Eq. (3) requires that 0 < |q| ≤ 1 − |c| 2 . Using the reversing measurement once, the successful probability of the non-unitary gate increases to p(|ψ ; c) + |q| 2 p(|ψ ; c), where the first and second terms result from the process M 0 and the process M 1 → M 0 → M 0 , respectively. Repeating the reversing measurement k times, as long as the reversing measurement succeeds, we obtain the total successful probabilitỹ
Substituting |q| with the maximum value 1 − |c| 2 , we find
In the limit of k → ∞, we obtainp ∞ (|ψ ; c) = p(|ψ ; c)/|c| 2 = p(|ψ ; 1). This shows that even if the non-unitary gate is not optimal |c| < 1, we can, in principle, increase the successful probability arbitrarily close to the optimal case |c| = 1 by utilizing the reversing measurement scheme.
Quantum NAND gate. -We consider a 2-qubit non-unitary gate which is represented in a computational basis,
This gate transforms the computational basis as N|00 = N|01 = N|10 = |10 and N|11 = |00 which reproduce the truth table of the NAND gate if we ignore the second qubit. We thus call N a quantum NAND gate. Note that the second qubit always becomes |0 after the gate operation in order not to entangle with the first qubit. To implement this non-unitary gate, we prepare a measurement {M 0 , M 1 } with two outcomes 0 and 1, as in Eq. (4). For the states in the computational basis, the successful probabilities are equal, p(|x ; c) = |c| 2 /3 for x ∈ {00, 01, 10, 11}. When the initial state is |ψ max = |00 +|01 +|10 / √ 3, the successful probability becomes maximal, p(|ψ max ; c) = |c| 2 = p max (c), due to constructive interference. Therefore, c must satisfy
semidefinite. An explicit form of M 1 is given by
where a = 1 − |c| 2 and b = 1 − (|c| 2 /3).
On the other hand, the minimum successful probability is p min (c) = min |ψ p(|ψ ; c) = 0, since the minimum eigenvalue of N † N is zero. There are two eigenvectors corresponding to the zero eigenvalue,
This means that the measurement never succeeds for the states in the twodimensional subspace spanned by these vectors due to destructive interference. For example, N (|00 − |01 ) / √ 2 = 0. Note that N is not reversible since det N = 0. In order to use N, we must exclude the wrong states from the input state.
We now utilize the reversing measurement scheme to improve the successful probability in the non-optimal case |c| < 1. In this case, M 1 is reversible (det M 1 = 0). We can thus perform the reversing measurement { M 0 , M 1 } defined by Eq. (6) . An explicit form of M 0 is
It is easy to check that M 0 M 1 = qI, and the eigenvalues of M † 0 M 0 are less than or equal to 1 if |q| ≤ a = 1 − |c| 2 . The reversing measurement scheme then increases the successful probability. If |q| = 1 − |c| 2 , the enhanced successful probability is given by Eq. (8) . For the states in the computational basis |x with x ∈ {00, 01, 10, 11}, we obtainp k (|x ; c) = 1 − (1 − |c| 2 ) k+1 /3, and for the maximally successful state we obtainp k (|ψ max ; c) = 1 − (1 − |c| 2 ) k+1 . In the limit of k → ∞, they become the maximum allowable values 1/3 and 1, respectively.
As an application of the quantum NAND gate, we consider to compute
for a given function f (x). (For example, the modular exponentiation in Shor's algorithm [13] .) Because all coefficients of the linear combination in the input state are +1, no destructive interference occurs in operating the quantum NAND gate. In general, we can build up the quantum circuit for this computation by the following steps: (i) We construct the irreversible classical circuit to calculate x → f (x) using the classical NAND gate which is universal for the classical computation.
(ii) We replace the classical NAND gate with the classical Toffoli gate to make this classical circuit reversible, adding ancilla bits. (iii) We translate this reversible classical circuit into the quantum one by replacing the classical Toffoli gate with the quantum Toffoli gate. Note that the resultant circuit needs more qubits than the irreversible classical circuit due to the step (ii). We can utilize the quantum NAND gate to reduce the needed qubits. Instead of the steps (ii) and (iii), we directly replace the classical NAND gate with the quantum NAND gate. By this procedure, we can save the qubits to perform the calculation because the quantum NAND gate is a 2-qubit gate, in contrast with the Toffoli gate. However, the quantum NAND gate is probabilistic. When all the classical NAND gates are replaced with the quantum NAND gates, the successful probability becomes exponentially small with increasing the number of NAND gates. Thus, in practice, we replace only some NAND gates with the quantum NAND gates. By dividing the function f into two functions g 1 and g 2 , x −→ g 1 (x) −→ g 2 (g 1 (x)) = f (x), we calculate g 1 using the quantum NAND gate and g 2 using the quantum Toffoli gate. If g 1 contains m NAND gates, this method can save m qubits with the successful probability (|c| 2 /3) m . By checking the measurement outcome, we can be sure whether or not the gate operations are successful.
Conclusions. -We have formulated a non-unitary quantum circuit having non-unitary gates operated by quantum measurement, and shown that the CNOT gate, 1-qubit unitary gate, and N 1 (a) gate constitute a universal set of gates for the non-unitary quantum circuit. We have shown that the non-unitary gate can be optimized by the reversing measurement scheme. These results are useful to construct quantum computer equipped with the probabilistic error correction by the reversing measurement. Moreover, apart from this practical interest, there may be an academic interest to extend quantum computation itself to include the non-unitary operation, even though the probabilistic nature of the non-unitary gate presents a new challenge as a tradeoff of the overhead of qubits.
